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MULTIPLICITY OF SOLUTIONS
FOR ELLIPTIC PROBLEMS WITH CRITICAL EXPONENT
OR WITH A NONSYMMETRIC TERM

J. GARCIA AZORERO AND I. PERAL ALONSO

ABSTRACT. We study the existence of solutions for the following nonlinear de-
generate elliptic problems in a bounded domain Q C RY

—div(|Vul " Vu) = uf’ “u+ A", A>0,

where p* is the critical Sobolev exponent, and u|;q = 0. By using critical
point methods we obtain the existence of solutions in the following cases:

If p<gq<p", there exists Ay > 0 such that for all 4 > 4, there exists a
nontrivial solution.

If max(p,p* —p/(p—1))<g< p" , there exists nontrivial solution for all
Ai>0.

If 1 < g <p thereexists 4; such that, for 0 < 4 < 4, , there exist infinitely
many solutions.

Finally, we obtain a multiplicity result in a noncritical problem when the
associated functional is not symmetric.

1. INTRODUCTION

In this work we will consider the following model problem:

—div(| Va2 Vu) = [uf’ " u+ A,

ul;q =0,

(1.1)

where A >0, Q is a bounded domain in R" with boundary JQ2, and assume
that

(i) 1<p<N,
(1.2) (ii) p" =pN/(N-p),
(iii) 1<qg<p*.
Observe that p* is the critical exponent in the Sobolev inclusion theorem. The
nonlinear differential operator is called p-Laplacian, A, . Welook for nontrivial
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solutions of (1.1), and this question is reduced to show the existence of critical
points for the functional

1 y 1 .
1.3 Fu=—/ Vup——/ uq——,,/ ulf .
(1.3) (u) pgl | qg|| pg||

Under hypothesis (1.2), F(u) is defined on the Sobolev space WO1 ?(Q).

By using the so-called generalized Pohozaev identity, it is possible to prove
that, if the domain Q is starshaped, then (1.1) cannot have any nontrivial
solution in Wb‘ "P(Q) if A <0 (see [P-S], and also [O, G-V, and E]); therefore,
we are reduced to consider positive 4.

For p = g the problem is studied in [G-P.1] where the existence of positive
solution for the dimensions N such that p2 < N isobtained, if 0 <A <4, 4,
being the first eigenvalue for the p-Laplacian (4, is isolated and simple, as it is
obtained in [Ba]; see also [Bha and A]). The main difficulty in solving problem
(1.1) is the lack of compactness in the inclusion of W, ?(Q) in L’ ", because
in general the Palais-Smale condition is not satisfied.

In the case p = 2, the problem has been solved by Brézis-Nirenberg [B-N].
As in [B-N], we obtain a local Palais-Smale condition for the case p # 2 which
is sufficient. This question is handled in §2 by the concentration-compactness
principle of P. L. Lions (see [L1 and L2}).

In §3 we analyze the case p < ¢ < p~ and achieve some new results with
respect to those obtained in [G-P.1].

The case 1 < g < p is managed in §4 by classical critical point theory. See
[B-F and G-P.1] for related methods in the subcritical case.

Obviously, more general terms can be handled if their behaviour at 0 and at
infinity is the same.

Finally, in §5, we solve some nonsymmetric problems. Following the ideas
in [R1] we also obtain multiplicity results in this case.

For the regularity of the solutions, see [T and DiB].

2. THE PALAIS-SMALE CONDITION

A sequence {u j} C Wo1 "?(Q) is called a Palais-Smale sequence for F, de-
fined by (1.3), if
F(u j) —c,
(2.1) , . 1 ,
Fu)—-0 inW (Q), where 1/p+1/p =1.
If (2.1) implies the existence of a subsequence {u jk} c {u j} which converges

in Wol '?(Q), we say that F verifies the Palais-Smale condition.

If this strongly convergent subsequence exists only for some ¢ values, we say
that F verifies a /local Palais-Smale condition.

In our case, the fnain difficulty is the lack of compactness in the inclusion
of Wol '’(Q) in L? . Then, we prove a local Palais-Smale condition, which is
sufficient although with some restrictions.
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The technical results which we must use are based on a measure representa-
tion lemma, used by P. L. Lions in the proof of the concentration-compactness
principle (see [L1 and L2]).

Let {u j} be a bounded sequence in WO1 '?(Q) . Then, there is a subsequence,
such that u; — u, weakly in W, ?(Q), and

p —
|Vu jJ du
u,l — dv
If we take ¢ € C(‘)’° (RN ), by some calculations with the Sobolev inequality we
conclude that

o 1/p° 1p ’ 1/p - 1/p
(2.2) (/le dv) s s(/ﬂl«»l dﬂ) +(/Q|w| 1 dx)

where

weakly-* in the sense of measures.

. 1,
S = 1nf{||u||W01_,,(Q):u e W, (), |lu =1}

is the best constant in the Sobolev inclusion.

If, in (2.2), we suppose u = 0, then we have a reverse Holder inequality for
two differents measures. In this situation, we have the following representation
of the measures (see P. L. Lions [L1 and L2])):

Lemma 2.1. Let u, v be two nonnegative and bounded measures on Q, such
that for 1 <p <r < oo there exists some constant C > 0 such that

r Lr 14 e o0 N
(/Q|<o| dv) sc([gm du) v € CRY).

Then, there exist {x;}, ., C Q and {v;}jes € (0, 00), where J is at most
countable, such that
— -p p/r
v=Ywd,.  w2CTESs,
jeJ jeJ
where &, is the Dirac mass at x; .
J

If we apply this lemma to v j=u;—u, we obtain the following result, due
to P. L. Lions (see [L1 and L2]):

Lemma 2.2. Let {u;} be a weakly convergent sequence in Wo1 "P(Q) with weak
limit u, and such that
(i) |Vu,|P converges in the weak-" sense of measures to a measure y,
(i) |u j|” converges in the weak-" sense of measures to a measure v .
Then, for some at most countable index set J we have
() v=lu’ +) v, v;>0,
jer
(2.3) @ w2 Vel +3 pd, . >0,
jes
(3) v <us,
where x; € Q.
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The relations (2.3) with the hypothesis that the constant ¢ in (2.1) is small
enough allow us to prove that the singular part of the measures must be 0, and
we have a local Palais-Smale condition.

Lemma 2.3. Let {v j} - WOl 'P(Q) be a Palais-Smale sequence for F , defined by
(1.3), that is,

(2.4) F(v)) - C,

(2.5) Flw)—0 inw™"7(Q), 1/p+1/p =1
Then, we have

(@) Ifp<q<p*,and C <SYP|N, there exists a subsequence {v;}c{v;},
strongly convergent in W, ¥ (Q).

M) If 1 <q<p,and C< S"?/N —Ki*, where B = p*/(p" - q) and
K depends on p,q, N and Q, then there exists a subsequence {v jk} c{v;},
strongly convergent in Wol Q).

Proof. In both cases, by (2.4) and (2.5), it is easy to prove that the sequence

{v;} is bounded in WOl 'P(Q). Then, if we take the appropriate subsequence,
we can assume in both cases (by Lemma 2.2)

v; — v weakly in w, P (Q),

vj—»vinL', l<r<p®, and ae.,

(2.6) Vo[’ — du> Vol + w0,
keJ
P —dv=pf +3 1d, .
keJ

Take x, € Q in the support of the singular part of du, dv. We consider
g€ C§°(RN) , such that

(2.7) p=1lonB(x,,¢), ¢=0o0nB(x,2), |Vp|<2e.

It is clear that the sequence {(pvj} is bounded in Wol’p (Q); then, by using
hypothesis (2.5), lim(F’ (v 1), v j) =0 ((, ) is the duality product), and

/(pdu-i—/l/lvlq(pdx—/(odu:lijm/|ij|p—2vj(ij, Vo)dx

((+, ») is the product in R" ). By (2.6), (2.7), and the Holder inequality, we
obtain

1/p
0< lim‘/ Vo P2 (Vo | V(p)dx’ <cC / v]? —0.
J J J J B(Xk,ZE) e—0
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O=lim{/(pdu+/1/|v|q¢dx—-/(pd,u} =V, — U
e—

By Lemma 2.2, p, > SvP/? ie. v, > SyP"" . Thatis, v, =0, or

Then,

(2.8) v, > 8"

(In particular, there are, at most, a finite number of singularities, because dv
is a bounded measure.) We will prove that (2.8) is not possible.

Let us assume that there exists a k, with s, #0 ie. Vi, > SN By (2.4)
and (2.6),

. 1 1 1 N/p
C=limF()2 F) + (5 - 22 ) Tw 2 Fw) + ™.

But, by hypothesis, C < S*? /N ; then, F(v) < 0. In particular, v # 0, and
0< l/|vU|” < i,/|v|"' +i/|v|q.
p p q
C = lim F(v)) = im{F(v)) - 1/p(F'(v)), v,)}

(2.9) /|U|p n NSN/p+,1< >/|v|q

Now we distinguish two cases:
(a)If p<q<p",then C > S"?/N, and this inequality contradicts the
hypothesis for this case. Then, v, = 0 Vk, and lim, f |vj|” = [|vl’ . By using

That is,

(2.6), we conclude that v i in L , and, finally, because of the continuity
of A, v, - v in Wy P(Q).
(b) If 1 < g < p, applying the Holder inequality at (2.8), we have

a/p”
C>NSN/” N/lvl -1(-— >|Q| Rl (/W) .

Let f(x) = clx" - lczxq . This function attains its absolute minimum (for
x > 0) at the point x, = (Aczq/p'cl)l/(p =% | That is,

Fx) 2 flxg) = —K217,
But this result contradicts the hypothesis; then, v, = 0Vk, and we conclude. O

Remark 2.4. It is well known that it is impossible to improve this local Palais-
Smale condition in case (a); we can construct a Palais-Smale sequence with
c=s"r /N , without any convergent subsequence (see [B]).

In case (b) it is also possible to exhibit a counterexample; we construct this
counterexample at the end of §4. O
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3. THECASE p<q<p*

In §2, we have proved that below the level S™/” /N, the functional F verifies
a local Palais-Smale condition. In this section we will use the Mountain Pass
Lemma to prove the existence of a solution for problem (1.1).

We will use the following general version of the Mountain Pass Lemma (see
[A-E] for the proof).

Lemma 3.1. Let F be a functional on a Banach space X, F € C 1(X ,R). Let
us assume that there exists r, R > 0, such that

(1) F(u)>r, Yue X with ||u|| =
(i) F(0)=0, and F(wy) <r for some wy € X, with ||lwy|| > R.

Let us define C = {g € C([0, 1]; X):g(0) =0, g(1) = w,}, and

(3.1) c= ;ggtg()a)glF(g(t))

Then, there exists a sequence {uj} C X, such that F(u;))—c, and F'(uj) -0
in X* (dual of X).

In our case, it is easy to see that F verifies (i) and (ii).
If we can prove that

(3.2) c<SY? /N

then Lemma 3.1 and Lemma 2.3 give the existence of the critical point of F .
To obtain (3.2), we choose v, € W, *?(Q), with

(3.3) ||UOI|,,~ =1, tll»rgo F(l’UO) =-00;

then, sup,., F(tvy) = F(t,v,), for some ¢, > 0. Thus ¢, verifies

(3.4) o:rj“/|w0|"—z§"l/|vo|”' —zzj“/|v0|q

and we get
0=1" <t”"</|w0|> —,1/|v0|)

£ [l e
P lolajo; ’

therefore, (3.4) implies t P 0. By the continuity of F,
— 00

Observe that

lim (supF(lv0)> =0;

A—o0 \ >0

then, there exists 4, such that VA >4,

sup F(tvy) < SM?/N.
t>0
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If we take w, = tv,, with ¢ large enough to verify F(w,) <0, we get

c< t.rerlx&)ilF(go(t)) taking g,(¢) = tw,,.

Therefore, ¢ < sup,, F(ty,) < SN /N, and we have proved estimate (3.2),
for 4 large enough. Hence, we can apply Lemma 3.1 and Lemma 2.3, and we
have the following result:

Theorem 3.2. If p < q < p", there exists Ao > 0 such that problem (1.1) has a
nontrivial solution VA > 4.

By choosing carefully the function v, € Wol '?(Q) in (3.3), we can prove the
following stronger result:

Theorem 3.3. If max(p, p* —p/(p — 1)) < q < p”*, then there exists a nontrivial
solution of problem (1.1), VA > 0.
Proof. The natural choice is to take an appropriated truncation of

(3.5) U,(x) = (& + clx — x|/~ #=M/P

€

because they are the functions in w'h? (RN ) where the best constant in the
Sobolev inclusion is attained. It is well known that they are the unique positives,
except for translations and dilations (see [B, L1, L2]).

We can assume that 0 € Q, and consider x;, =0 at (3.5).

Let ¢ be a function ¢ € C§° (Q), and ¢(x) =1 in a neighbourhood of the
origin. We define u,(x) = ¢(x)U,(x). For ¢ — 0, the behaviour of u, has to
be like U,, and we can estimate the error we get when we take u, instead of
U .

eIn this way, taking v, = u,/||,||,- , we obtain the following estimates (see
[B-N, G-P.1] for the details):
(1) Estimate for the gradient:

N—
(3.6) 199,12 = 5 + 0™ ~P"?),

(2) Estimate of ||v,|, :
if ¢>p*(1-1/p), then
(3.7) Clg((p—l)/p)(N—q(N—p)/p) < ”'Ug”Z < Cze((p—l)/p)(N—q(N—p)/p)'

If g=p*(1-1/p), then
2 2
(3.8) C,eV P loge| < ||u, |2 < Ce™ TP | loge.
If g<p*(1-1/p), then
N— 2 N— ?
(39) C18( p)4/p < ”vg"Z < C28( p)a/p .

Observe that, if p < g <p”, then
q
(3.10) Iv,Ig — o.
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By using these estimates, we will show that there exists ¢ > 0, small enough,
such that

sup F(tv,) < S"?N.
t>0

Then, we conclude as in Theorem 3.2, by using Lemma 3.1 and Lemma 2.3.
Let us consider the functions

i E p M
g(t) = Flw) = = / Vo, - 2 / jv,1%,

q
and .
e [ tp
gty=— | |[Vv | - —.
(1) 7 [Vo,| 7
It is clear that g() T T then, sup, 5 F(tv,) is attained for some ¢z, >
0, and
' -1 p “—p q-p q
0=g'(t)="7 (/|Vve| Y, /Ivsl )
Therefore,
Jrour = wal [ >,
i.e.

1/(p"—-p)
(3.11) 1, < (/|Vve|p> )

This inequality implies

(3.12) /|V’Ug|p < tf——p_i_/1 (/lvve|p>(q_p)/(p'_p) (/ |v£|q>.

Choosing ¢ small enough, by (3.6) and (3.10),
(3.13) £ 7> 82

That is, we have a lower bound for ¢,, independent of ¢. Now, we estimate
g(tg) * -
The function Z attains its maximum at ¢ = ([ |V, ")"/? = and is in-

creasing at the interval [0, (f IVUE!”)”(”."’)]. Then, by using (3.6), (3.11) and
(3.13), we have

o ((fror)” ) o

1 N (N— A /S 4/(17 —p)
]_V_S /p + C38‘ p)/p _ E (E) /lvelq-

IA
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Let us suppose ¢ > p*(1 — 1/p). Then, we have (3.7), and
NJ (N-p)/ {((p—1)/p)(N—q(N—p)/p)}
(3.14) g(t)<S"PIN+Ce” PP —aCe .

If
N-p_p-l (N_q(N—p)) ,
p p p
thatis, ¢ > p* — p/(p — 1), then for & small enough we get g(z,) < S*/?/N,
and we conclude. O

Remark 3.4. If N > p*, then -5/ <p(1-3)<p,andif p<g<p’,
we have ¢ > p* — I—,‘_’—l . Then g verifies the estimate (3.7), and we obtain the
result of [G-P.1].

If N <p’, then p<p (1-3)<p" - ;% ,and for p <g<p"— 2 the
estimate is insufficient. O

Remark 3.5. It is possible to prove the analogous result for the problem:

'{ —div(|Vul 2 Vu) = [l "R+ Al 2w+ f, >0

if f is small enough in the norm of wlp I(Q). The proof is an adaptation
of the above argument. O

4. THECASE 1 <g<p

In this section, we will construct a mini-max class of critical points, by using
the classical concept and properties of the genus.

Let X be a Banach space, and X the class of the closed and symmetric with
respect to the origin subsets of X — {0}. For 4 € X, we define the genus y(A)
by

. k
y(4) = min{k € N:3¢ € C(4; R* = {0}), $(x) = —¢(~x)}.

If such a minimum does not exist then we define y(4) = +oo. The main
properties of the genus are the following (see [R1 or R2] for the details):

Proposition 4.1. Let A, B€ X. Then

(1) Ifthere exists f € C(A, B), odd, then y(A) < y(B).

(2) If AC B, then y(A) < y(B).

(3) If there exists an odd homeomorphism between A and B, then y(A) =
7(B).

4) If SNV s the sphere in R" , then y(SN") =N.

(5) »(AUB) < y(4)+y(B).

(6) If y(B) < 400, then y(A— B) > y(4) — y(B).

(7) If A is compact, then y(A) < +oo, and there exists § > 0 such that
7(A) = y(Ns(A)) where Ny(A) ={x € X:d(x, A) <J}.
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(8) If X, is a subspace of X with codimension K, and y(A) < K, then
ANX, # 2.

Given the functional F, defined by (1.3), under the hypothesis g < p, by
Sobolev’s inequality we obtain

Flu) > Il)/wulp Sp - </| >p “/p ~ —C (/lvu|p>q/l7‘

If we define | i
h(x) = T —x’ -=C, x*
D p*SP /p q P
then
(4.1) F(u) > h(|Vul|,)

There exists 4, > 0 such that, if 0 <A < 4,, & attains its positive maximum
(see Figure 4.1).

Let us assume 0 < A < 4,; choosing R, and R, as in Figure 4.1 we make
the following truncation of the functional F:

Take 7:R* — [0, 1], nonincreasing and C*, such that

(x)=1 if x <R,
t(x)=0 if x > R,.

Let ¢(u) = 7(||Vul|,) . We consider the truncated functional

(4.2) = 1wt == [ =2 [,

Asin (4.1), J(u) > h(||Vu||p) , with

- _1 D 1 p‘ l q
(4.3) h(x)—l—)x _p*S”'/"x 7( 7Croa

(see Figure 4.2).

FIGURE 4.1

R() Rl

FIGURE 4.2
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Observe that for x <R, h=h, and for x > R,
Ty — 1 A q
h(x) = Ex” —-4C, X
The principal properties of J defined by (4.2) are:
Lemma 4.2. (1) J€C'(W,"?(Q),R).
(2) If J(u) <0, then ||Vu|, < Ry, and F(v) = J(v) for all v in a small
enough neighbourhood of u.

(3) There exists A, > 0, such that, if 0 < A < A, then J verifies a local
Palais-Smale condition for ¢ <0.

Proof. (1) and (2) are immediate. To prove (3), observe that all Palais-Smale
sequences for J with ¢ < 0 must be bounded; then, by Lemma 2.3, if A
verifies S™/? /N — Kif > 0 there exists a convergent subsequence. O

Observe that, by (2), if we find some negative critical value for J, then we
have a negative critical value of F .

Now, we will construct an appropriate mini-max sequence of negative critical
values for the functional J .

Lemma 4.3. Given n € N, there is ¢ = ¢(n) > 0, such that
y({u e Wy " (Q):J(u) < —e}) 2 n.

Proof. Fix n, let E, be an n-dimensional subspace of Wol"’ (). We take
u, € E,, with norm |Vu,|,=1. For 0 < p < R,, we have

1, 1 p'/ p° Aq/ q
J U =F u = — - — u - ul®.
(pu,) = F(pu,) Pl |ul ri |ul

E, is a space of finite dimension,; so, all the norms are equivalent. Then, if we

define
o, = inf{/|u|”':ueEn, 1V, |, = 1} >0,

8, =inf{/|u|q:ueEn, IV, |, = 1} >0,

we have

1 p o, p» AB, 4
Jpu )< —pf — —npf —lnpt
(p,.)_pp P 7

and we can choose ¢ (which dependson n ), and 7 < R, such that J(nu) < —¢
if ue E,, and [|Vu|,=1.

Let S, = {ue Wy P(Q):|Vul|, =n}. S,NE, C{ueW;"(Q):J(u) < —e};
therefore, by Proposition 4.1,

y({ue Wy P(Q):J () < —e}) 2 9(S,NE,)=n. O

This lemma allows us to prove the existence of critical points.
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Lemma 4.4. Let 3, = {C C W, ?(Q)—{0}, C isclosed C=-C, y(C)>k}.
Let ¢, = infoey sUD,ecJ (1), K, = {u € Wy P(Q):J () =0, J(u) = c},
and suppose 0 < A < A,, where A, is the constant of Lemma 4.2.
Then, if c=c, =C = =C, VK)2r+1.
(In particular, the c, ’s are critical values of J.)

Proof. In the proof, we will use Lemma 4.3, and a classical deformation lemma
(see [Be]).

For simplicity, we call J~°* = {u € W, '?(Q): J(u) < —¢}. By Lemma 4.3,
Vk € N, 3e(k) > 0 such that y(J %) > k.

Because J is continuous and even, J ° € X, ; then, ¢, < —¢(k) <0, Vk.
But J is bounded from below; hence, ¢, > —oo Vk .

Let us assume that ¢ =¢, =--- = ¢, . Let us observe that ¢ < 0; therefore,
J verifies the Palais-Smale condition in K, and it is easy to see that K is a
compact set.

If y(K,) < r, there exists a closed and symmetric set U, K, C U, such that
y(U) <r. (We can choose U C J°, because ¢ < 0.)

By the deformation lemma, we have an odd homeomorphism

n: W, " (Q) — Wy P (Q),

such that 17(.]”‘5 -U) c J7, for some & > 0. (Again, we must choose
0 < 0 < —c, because J verifies the Palais-Smale condition on JO, and we
need J°° ¢ J°.) By definition,

¢c=c¢,,= inf supJ(u).

€L, ueC
Then, there exists 4 € X, such that sup,.,J(u) <c+4d;ie, 4C Jee
and
(4.4) n(A-U)cnJ -U)cJI

But y(4-U) > y(4)-y(U)>k,and y(n(4-U))>y(4-U)>k.
Then, n(4—-U) € Z, . And this contradicts (4.4); in fact,

n(A-U)€eZ, implies sup J(u)>c¢, =c. O
uen(4=0)

This lemma proves the following result:

Theorem 4.5. Given problem (1.1), with 1 < q < p, there exists A, > 0, such
that, for 0 < A < A, there exists infinitely many solutions.

Remark 4.6. (1) For the truncated functional J, a result of Brezis-Oswald [B-
O] for p = 2, which is extended to a general case for Diaz-Saa [D-S], proves
the uniqueness of nontrivial positive solutions.

Then, the solutions that we find change the sign, except for those associated
with ¢, . In fact, ¢, = infJ(u), and, if ¢, = J(u;), then ¢, = J(|uy|). That
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is, |uy| is a nonnegative solution, and, by the maximum principle (see [T]), is
strictly positive on Q.

Observe that there is not a uniqueness result for the nontruncated functional
F . It remains open the question of the existence of positive solutions with
positive energy (solutions as those of §3, for p < g <p*).

(2) It is possible to make another proof of Theorem 4.5, if we replace the
truncation of F by a special construction of the deformation function 7. In
fact, we can take 7 which acts on B(0, R)) C W, ?(Q), and is the identity
otherwise; then we must define

T, ={Cc B(0, Ry — {0}: C closed, symmetric, y(C) > k}.

(3) The critical values that we have obtained are negative, and F verifies the
Palais-Smale condition for ¢ < 0; then, it is easy to see that the set of solutions
of Theorem 4.5, is a compact set. O

Now, we can show that it is not possible to extend the Palais-Smale condition
that we have proved.
Take x, € Q, and the balls B; = B(x,, j6) C Q, and the following Cy (RN )

functions:
ps=1 onQ-B,, {=1 onB,

9s=0 onB,, (=0 onQ-B,,
Vsl <2/8, V5| < 2/6.
We define ¢; = 9,0 + &w,, where F'(v) = 0, and F(v) < 0, F(w,) —
e—
S¥PIN and F'(w,) — 0. (Take w, = S¥?7'u,, with v, defined in §3.)
Later, we shall choose & = ¢(d) P 0.
Then, F(¢;) = F(psv) + F(§;w,), and we can show that F(¢;) P C<
SMP /N | with F’(¢(,)J—~00.

But it is not possible to find a convergent subsequence of {¢;}, because
¢s — v but

165 = Vllyoiqy = 195 = DY + &, llytnq
> 1852,y iy = 195 = D0 llyr.niqy > M >0
with M independent of & .
5. A PROBLEM WITHOUT SYMMETRY
We shall consider the following model problem:
(5.0 ~div(|Vul 2Vu) = Au*2u+ f(x), A>0,
Uy =0,

where Q is a rectangle in R"Y, and p<qg<p',1<p<N.When f=0,
there are infinitely many solutions VA > 0. In the proof, we use a mini-max
type theory, as in §4, because the associated functional is even.
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When f # 0, the associated functional is

(5.2) 1(u)=11’/9|w|"— g/Q|u|"-/qu.

We cannot apply the previous method, because I is not even; however, it is
possible to make use of the method developed by P. Rabinowitz in the case
p = 2 (see [R1 and R2]). For the sake of completeness, we will include here
the proofs of the more interesting steps.

The point is the lack of control on the nonsymmetric part of the functional
I; thatis, I(u) — I(—u). The idea is to find some appropriated truncation of
I, in order to obtain a functional J, in which the nonsymmetric part can be
estimated, such that the existence of critical points for J implies the existence
of critical points for I. We start with an a priori estimate, which gives us the
idea to make the truncation.

Lemma 5.1. There exists a constant A = A(||f||,;) > O such that, if I'(u)=0,
then

4 / ul® < AQI@P + 1),
qJq

(The proof is an easy adaptation of those made in [R1].) With this estimate,
we make the following truncation: Let x:R — [0, 1] such that

x(x)=0, x>2,

(5.3) x(x)=1, x<1,
-2<4(x)<0
and
_ (A/q) [ ||
(5.4) W(u)—x{zA(II(u)lpH)]/p}-
Define
_1 p_ A q_
(5.5) = /Q vup - /Q Jul /Q w(w)fu

In particular, Lemma 5.1 implies that, if I'(u) =0, then J'(u) = 0. However,
we need just the converse. The main properties of J are the following (for the
proof, see [R1]):
Lemma 5.2,
(i) JeC'(W,"(Q),R).
(i) 38>0, B=BWSIl,). such that |J(u) - J(-u)| < BT +1).
(ili) 3M, >0, such that if J(u) > M, and J'(u)=0, then y(v)=1 ina
neighbourhood of u (that is, J(u) =1(u), and J'(u) =I'(u) = 0).
(iv) 3M, > M, such that J verifies a local Palais-Smale condition for
C > M,. That is, if we have a sequence {u,} C Wol’” (Q) such that
J(u,)— C and J '(uk) — 0, then there exists a convergent subsequence
{ukj} C{u,}.
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According to (iii), if we find some critical value for J, and it is large enough,
then we have a solution of problem (5.1). We will prove a stronger result: we
construct a sequence of critical values for J, which tends to infinity.

To simplify the notation, we assume Q = (0, l)N . Let E, be the k-
dimensional subspace of WOl '?(Q), generated by the first k functions of the
basis

{(sink,nx, ---sinkynxy), k,€N, i=1,..., N}
(see [G-P.2)).

In this finite dimensional subspace, it is easy to prove that it is possible to
construct an increasing sequence of numbers R; > 0 (as big as we wish), such
that

(5.6) Ju)<0 ifuck, nBﬁj.

Let Dj = BRj N Ej , and define

(5.7) G, ={heC(D;, WOLP(Q)):h is odd, hlJBRan, =1d},
(5.8) bj = hlélgj {«ré%)f J(h(u)).

First, we prove that the sequence {b j} is well defined, and increasing:

Proposition 5.3. Let b, defined by (5.8). Then, there exists a constant B >0,
such that

(5.9) b, > Bk’

where y =pq/N(q—p)-1.
Proof. Given h € G, ,and p < R, we can prove that h(Dk)néBankc_l #O.
In fact, it suffices to show that y(h(D,) N 5Bp) > k, and apply property (8) of
Proposition 4.1. Let 4 = {x € D,:h(x) € Bp} . It is clear that 0 € 4, because
h is odd; then, we define 4, the component of 4 containing 0. 4, is a
bounded and symmetric neighbourhood of 0 in E, ; then, y(64,) = k.
Moreover, h(d4,) C dB,. If not, given x € 04, such that h(x) € B,,
if x € D, , there exists a neighbourhood of x, U, such that A(U) C B,.
Then, x ¢ dA4,. Hence, x € dD;; but A D, = Id, and this implies that
|A(x)]l = ||Ix|| = R, > p, a contradiction.
Now, if we define B = {x € D,: h(x) € Bp} , we have d4, C B, and

7(h(Dy)N6B,) = y(h(B)) 2 y(B) 2 y(64,) = k.

Note that the condition “ A is even” is essential to obtain this result; then, it is
an important ingredient in the definition of G, .

c .
Let ue (5Bp NE,_,; then

1 A
Juz—/Vup——/uq—Cu
(u) pg| | qgll oLl
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where C, = C,(||f]l ) - By using the Gagliardo-Nirenberg inequality,

(5.10) </Q Iul")l/q <C </Q IVulp>a/p (/Q|u|”)“_a)/p

with a = (N/p)(1 —p/q), we get
(5.11)

1 qa/p q(1—a)/p l/p
sz—/wW—q(/wW) (ﬁw) —q(ﬁw).
P Ja Q Q Q

Moreover, u € FE kC_1 ; hence,

(5.12) lull, < ClIvul, /k"™

(see [G-P.2] for the proof). Finally, by (5.11) and (5.12), we obtain

Now, we choose

kq(l_a)/N 1/(g-p)
pk = { 2pC2 } >

1, C
(5.13) T2 300~ ko hi 2

for k large enough. Then, by equations (5.13) and (5.10), we get Vi € G,
max,_, J(h(u)) > Ck’, where

,=pal-a) _ _pg
N(g-p) N(@g-»p)
And this implies (5.9). O

therefore,

> Ckpq(l—a)/N(q—p)

u€eD,

-1

If we try to prove that b, is a critical value for J, we find an important
obstruction, unless f = 0. In fact, in the case f # 0, the associated functional
J is not even, and the deformation lemma give us a homeomorphism 7 which
is not odd. Then, given 4 € G, , in general noh &€ G, , and the classical proof
does not work.

However, the sequence {b,} allows us to prove that other mini-max se-
quences that we will construct are well defined and verifies the appropriate
estimates. Define

(5.14) U ={u=te, ,+w,1€[0,R,, ], weBy NE,|ul <R},

(5.15) A, ={HeC(U,, W, *(Q)), H|, €G,,
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(5.16) ¢ = 111ng ngg: J(H(u)).

These mini-max values have the same problem as the b, ’s: if H| D, € G, , then
H|, is odd, but 70 H|, is not odd, in general. However, it is clear that
¢, > b, (compare (5.16) and (5.8)); and if ¢, > b, , we can solve our problem,
as the following proposition shows:

Proposition 5.4. If ¢, > b, > M, (where M| is the constant of Lemma 5.2
(iv)), given 8 € (0, ¢, — b,), we define

(5.17) A (0) = {H € A, such that J(H(u)) < b, +6,Yu€ D, },

(5.18) ¢ (d) = Helkf(é)l:é%):]([f(u)).

Then, c,(d) is a critical value for J .
Proof. By definition (5.8) it is clear that A, (d) # &. And, by (5.16) and (5.18),
it is also clear that c,(d) > ¢, . Suppose that ¢, (d) is not a critical value and
take ¢ < (¢, — b, — ).

By the classical deformation theorem, we obtain the homeomorphism
n: W, P () — W, *?(Q), with the following properties:

(5.19) (IO  gad=e

(5.20) nu) =u, ifugJd '([c(8)-2e, c,(J)+2el).
Note that if v € D, and H € A, (J), then

(5.21) J(Hu)<b, +0<c, —2,

that is, if H € A, (d), by (5.20) and (5.21), then 7 oHIDk = Hle € G, . Then,
we have solved the problem of the lack of symmetry in 7. Now, it is easy to
conclude: we prove that noH € A, (d), and find a contradiction between (5.18)
and (5.19). O

Finally, it remains to prove that it is impossible to have ¢, = b, , Vk.

Proposition 5.5. If ¢, = b, , Vk > k*, there exist some constants C > 0, and
k' > k", such that

(5.22) b < CkYV ) vk >k
Proof. Basically, the idea is to use that D, , = (U, )U(=U,), and if H € A,

it is possible to extend it to a function of G, .
By (5.15) and (5.16), we can choose H € A, such that

< =
Lré%):J(H(u)) <c+e=b +e,

and, by (5.8), taking the extension of H, we have
. < .
(5.23) b, < ugl].?,i, J(H(u))
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If the maximum is attained at U, , then

. < = < <
(5.24) by < urenzif J(H(u)) %%’:J(H(u)) <c +esbh +e.

1

If the maximum is attained on —U,, we can use estimate (iii) of Lemma
5.2, in the following way: Suppose max J(H(u)) = J(H(w)), for some

w € —U, . Then,

J(H(-w)) > J(Hw)) - BT (H(-w))|""" + 1)

> b~ Bl +8) "+ 1) > b, - B((b,, +&) +1)>0,
for k large. And, if J(H(—w)) >0,
by £ J(H(w)) = J(-H(-w))
(5.25) < J(H(-w)) + B(J(H(-w))""" + 1)
< (b +e)+ B((b +8)"" +1).

Getting & — 0 at (5.24) and (5.25), we obtain b, | < b, + B(b,/? +1). Finally,
this inequality implies (5.22); the proof can be made by induction. O

ueDkH

Proposition 5.5, together with Proposition 5.3 and Proposition 5.4, prove the
following theorem:

Theorem 5.6. Problem (5.1), when q/(q — 1) <pq/N(q—p)— 1, has infinitely
many solutions, which correspond to a sequence of critical values of the functional
(5.2), the sequence tending to infinity.

Remark 5.7. Note that, for p = 2, Theorem 5.6 is contained in Theorem 10.4
in [R2].
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